Bernhard RIEMANN
ON THE HYPOTHESES WHICH LIE AT THE FOUNDATIONS OFE®METRY

(Translated from the German by Professor Henry Bit&/Vassar College, Poughkeepsie, N. Y.)

The paper here translated is Riemainabe-Vorlesung, or formal initial lecture on becoming Privat-Dotelt
is extraordinary in scope and originality and iv@a the way for the now current theories of hypacspand relativity. It
was read on the 10th of June, 1854, for the purmdsRiemann's "Habilitation" with the philosophictdculty of
Gottingen. This explains the form of presentation,which analytic investigations could be only icated; some
elaborations of them are to be found in ti@orimentatio matbematica, qua respondere tentatur quaestioni ab Illma
Academia Parisiens propositag” etc., and in the appendix to that paper. It appaavol. Xl of the Abbandlungen of the
Royal Society of Sciences of Gottingen.

Plan of the Investigation

It is well known that geometry presupposes not eiméyconcept of space but also the first fundanhenta
notions for constructions in space as given in adgalt gives only nominal definitions for them, ilghthe
essential means of determining them appear inaitme 6f axioms. The relation of these presuppositisrieft
in the dark; one sees neither whether and in hovthgir connection is necessary, nor a priori whethis
possible.

From Euclid to Legendre, to name the most renowsfethodern writers on geometry, this darkness
has been lifted neither by the mathematicians gahé philosophers who have labored upon it. Tlasge of
this lay perhaps in the fact that the general conodé multiply extended magnitudes, in which spgatia
magnitudes are comprehended, has not been eladbatad#. Accordingly | have proposed to myselfiegt the
problem of constructing the concept of a multiplyemded magnitude out of general notions of quarfitom
this it will result that a multiply extended magrde is susceptible of various metric relations #vad space
accordingly constitutes only a particular case tfy extended magnitude. A necessary sequehisfis that
the propositions of geometry are not derivable figeneral concepts of quantity, but that those ptigseby
which space is distinguished from other conceivadbfdy extended magnitudes can be gathered omignfr
experience. There arises from this the problermeafching out the simplest facts by which the metriations
of space can be determined, a problem which inreattithings is not quite definite; for several teyss of
simple facts can be stated which would sufficedietermining the metric relations of space; the rmapbrtant
for present purposes is that laid down for fouratetiby Euclid. These facts are, like all facts, metessary but
of a merely empirical certainty; they are hypotisesme may therefore inquire into their probabijlitsich is
truly very great within the bounds of observati@md thereafter decide concerning the admissibdity
protracting them outside the limits of observatinot only toward the immeasurably large, but atsgard the
immeasurably small.

I. The Concept of n-fold Extended Manifold

While | now attempt in the first place to solve thiest of these problems, the development of the
concept of manifolds multiply extended, | think ralfghe more entitled to ask considerate judgmeasinuch
as | have had little practice in such matters gh#dosophical nature, where the difficulty lies raan the
concepts than in the construction, and becauserd hat been able to make use of any preliminarglietu



whatever aside from some very brief hints whichvf?@ouncilor Gauss has given on the subject irsbond
essay on biquadratic residues and in his Jubile&leét and some philosophical investigations oftdet.

Notions of quantity are possible only where thexists already a general concept which allows wario
modes of determination. According as there is onds found among these modes of determination a
continuous transition from one to another, theyrfar continuous or a discrete manifold; the indigidmodes
are called in the first case points, in the lattase elements of the manifold. Concepts whose mofles
determination form a discrete manifold are so nwmer that for things arbitrarily given there cawa}s be
found a concept, at least in the more highly depedolanguages, under which they are comprehended (a
mathematicians have been able therefore in theideaf discrete quantities to set out without pteufrom
the postulate that given things are to be consitlageall of one kind); on the other hand thereim@mmon
life only such infrequent occasions to form consepthose modes of determination form a continuous
manifold, that the positions of objects of sensg] the colors, are probably the only simple notiad®se
modes of determination form a multiply extended iftdech More frequent occasion for the birth and
development of these notions is first found in kigmathematics.

Determinate parts of a manifold, distinguishedabgark or by a boundary, are called quanta. Their
comparison as to quantity comes in discrete madeguby counting, in continuous magnitude by
measurement. Measuring consists in superposititheofnagnitudes to be compared; for measuremerg the
requisite some means of carrying forward one mageitas a measure for the other. In default of trie, can
compare two magnitudes only when the one is agfdhe other, and even then one can only decide tipo
question of more and less, not upon the questidmoaf many. The investigations which can be setamt f
about them in this case form a general part ofdiietrine of quantity independent of metric detemtiions,
where magnitudes are thought of not as existingpeddent of position and not as expressible byita hut
only as regions in a manifold. Such inquiries hegeome a necessity for several parts of mathematicsely
for the treatment of many-valued analytic functioasd the lack of them is likely a principal reasamy the
celebrated theorem of Abel and the contributionsadrange, Pfaff, and Jacobi to the theory of diffial
equations have remained so long unfruitful. For phesent purpose it will be sufficient to bring viard
conspicuously two points out of this general pdrthe doctrine of extended magnitudes, wherein ingth
further is assumed than what was already contdm#te concept of it. The first of these will mailain how
the notion of a multiply extended manifold cameetast; the second, the reference of the deternsinatf
place in a given manifold to determinations of gitprand the essential mark of affold extension.

In a concept whose various modes of determingtom a continuous manifold, if one passes in a
definite way from one mode of determination to &aeot the modes of determination which are traversed
constitute a simply extended manifold and its essemark is this, that in it a continuous progréspossible
from any point only in two directions, forward oadkward. If now one forms the thought of this malaif

again passing over into another entirely differéete again in a definite way, that is, in suchag that every
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point goes over into a definite point of the otlteen will all the modes of determination thus algd form a
doubly extended manifold. In similar procedure obéains a triply extended manifold when one represto

oneself that a double extension passes over iffiaitdevay into one entirely different, and it ia®y to see
how one can prolong this construction indefinitdfyone considers his object of thought as variahdtead of
regarding the concept as determinable, then thistoaction can be characterized as a synthesivafiability

of n+1 dimensions out of a variability of n dimensi@msl a variability of one dimension.

| shall now show how one can conversely split upasiability, whose domain is given, into a
variability of one dimension and a variability afWer dimensions. To this end let one think of aalde
portion of a manifold of one dimension,—reckoningnfi a fixed starting-point or origin, so that islwes are
comparable one with another—which has for everyntpof the given manifold a definite value changing
continuously with that point; or in other wordst éme assume within the given manifold a continufonstion
of place, and indeed a function such that it isauotstant along any portion of this manifold. Eveygtem of
points in which the function has a constant valaestitutes now a continuous manifold of fewer disiens
than that which was given. By change in the valughe function these manifolds pass over, one amtother,
continuously; hence one may assume that from ortbesh all the rest emanate, and this will come gbou
speaking generally, in such a way that every poinbne passes over into a definite point of theeoth
Exceptional cases, and it is important to investigahem,—can be left out of consideration heretlBy means
the fixing of position in the given manifold is esfed to the determination of one quantity andftkiag of
position in a manifold of fewer dimensions. It @sg now to show that this latter had dimensions if the
given manifold was-fold extended. Hence by repetition of this progedton times, the fixing of position in
ann-dimensional manifold is reduced niadeterminations of quantities, and therefore tkimdj of position in a
given manifold is reduced, whenever this is possibd the determination of a finite number of qiteetd.
There are however manifolds in which the fixingpafition requires not a finite number but eitherirdimite
series or a continuous manifold of determinatiohguantity. Such manifolds are constituted for egéarby
the possible determinations of a function for aegidomain, the possible shapes of a figure in spaa®etera.

I1. Relations of Measure, of Which an n-dimensional Manifold is Susceptible, on the Assumption that Lines
Possess a Length Independent of Their Position; that is, that Every Line Can Be Measured by Every Other

Now that the concept of arfold extended manifold has been constructed andssential mark has
been found to be this, that the determination dditmn therein can be referred to determinations of
magnitude, there follows as second of the problenaposed above, an investigation into the relatiohs
measure that such a manifold is susceptible ofy @mi® the conditions which suffice for determinititese
metric relations. These relations of measure caimimstigated only in abstract notions of magnitadd can
be exhibited connectedly only in formulae; uportaierassumptions, however, one is able to restlemtinto
relations which are separately capable of beingesgmted geometrically, and by this means it besome
possible to express geometrically the results efdhlculation. Therefore if one is to reach solidugd, an

abstract investigation in formulae is indeed undable, but its results will allow an exhibition time clothing
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of geometry. For both parts the foundations ardained in the celebrated treatise of Privy Coumaauss
upon curved surfaces.

Determinations of measure require magnitude tmtiependent of location, a state of things whiah ca
occur in more than one way. The assumption thstt diifers itself, which | intend here to follow ¢ig perhaps
this, that the length of lines be independent efrthituation, that therefore every line be medsieray every
other. If the fixing of the location is referred determinations of magnitudes, that is, if the timsaof a point
in the n-dimensional manifold be expressed by n variablantjties x;, X,, Xs, and so on to, then the
determination of a line will reduce to this, thhetquantitiex be given as functions of a single variable. The
problem is then, to set up a mathematical expredsiothe length of lines, and for this purpose doantitiesx
must be thought of as expressible in units. Thidblem | shall treat only under certain restrictioasd limit
myself first to such lines as have the ratios @& gluantitiesdx—the corresponding changes in the quantities
x—changing continuously; one can in that case tlwhkhe lines as laid off into elements within whittte
ratios of the quantitiedx may be regarded as constant, and the problemesdhen to this: to set up for every
point a general expression for a line-element whiegins there, an expression which will therefanatain the
guantitiesx and the quantitiesix. In the second place | now assume that the lenftthe line-element,
neglecting quantities of the second order, remaimshanged when all its points undergo infinitelyam
changes of position; in this it is implied thatlf the quantitiesix increase in the same ratio, the line-element
likewise changes in this ratio. Upon these asswmptit will be possible for the line-element todrearbitrary
homogeneous function of the first degree in thentjtias dx which remains unchanged when all txechange
sign, and in which the arbitrary constants are inaous functions of the quantities To find the simplest
cases, | look first for an expression for thd){fold extended manifolds which are everywherealy distant
from the initial point of the line-element, that Idook for a continuous function of place, whigdnders them
distinct from one another. This will have to dinsinior increase from the initial point out in altatitions; |
shall assume that it increases in all directiors #werefore has a minimum in that point. If thenfitst and
second differential quotients are finite, the difeial of the first order must vanish and thattled second
order must never be negative; | assume that itways positive. This differential expression of tbecond
order accordingly remains constantiifremains constant, and increases in squared rago the quantitiedx
and hence alsds all change in the same ratio. That expressiohdsefore = consts?, and consequentlys =
the square root of an everywhere positive entirmdgeneous function of the second degree in quesit
having as coefficients continuous functions of th&ntitiesx. For space this is, when one expresses the
position of a point by rectangular coordinatés= V=(dx)?> space is therefore comprised under this simplest
case. The next case in order of simplicity wouldbably contain the manifolds in which the line-edgrhcan
be expressed by the fourth root of a differentighression of the fourth degree. Investigation a$ timore
general class indeed would require no essentidfgrent principles, but would consume consideratiriee
and throw relatively little new light upon the tmgmf space, particularly since the results cafmeoexpressed
geometrically. | limit myself therefore to those mifalds in which the line-element is expressed lgy $quare
root of a differential expression of the secondrdeg Such an expression one can transform intchanot

similar one by substituting for the independent variables functionsrohiew independent variables. By this
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means however one cannot transform every expressiin every other; for the expression contains
(M[(n+1)/2] coefficients which are arbitrary functions the independent variables; but by introducing new
variables one can satisfy omyrelations (conditions), and so can make antf the coefficients equal to given
guantities. There remain them)[(n-1)/2] others completely determined by the natdrhe manifold that is to
be represented, and therefore for determining @sicrelations if)[(n-1)/2] functions of position are requisite.
The manifolds in which, as in the plane and in spake line-element can be reduced to the fdBftx)?
constitute therefore only a particular case ofrttamifolds under consideration here. They deseparticular
name, and | will therefore terftat these manifolds in which the square of the liresv@int can be reduced to
the sum of squares of total differentials. Now idey to obtain a conspectus of the essential diffees of the
manifolds representable in this prescribed forns ihbecessary to remove those that spring from todenof
representation, and this is accomplished by chgdbia variable quantities according to a definiiagiple.

For this purpose suppose the system of shortess Emanating from an arbitrary point to have been
constructed. The position of an undetermined pwithithen be determinable by specifying the direntdf that
shortest line in which it lies and its distance,tlat line, from the starting-point; and it canrdfere be
expressed by the ratios of the quantiti§ that is the limiting ratios of thex at the starting point of this
shortest line and by the lengglof this line. Introduce now instead of tté such linear expressions. formed
from them, that the initial value of the squaretioé line-element equals the sum of the squarehexet
expressions, so that the independent variablegteejuantitys and the ratios of quantitiels. Finally, set in
place of thedo such quantities proportional to them, X,,... X, that the sum of their squaress"z. After
introducing these quantities, the square of the-éilement for indefinitely small values xbecomes = (dx)?
and the term of next order in thas)® will be equal to a homogeneous expression of étersd degree in the
(M[(n-1)/2] quantities Xydx>-%.0x,), {X10x%s-XsdX1),..., that is, an indefinitely small quantity dfreension four; so
that one obtains a finite magnitude when one dwitldy the square of the indefinitely small tritargrea in
whose vertices the values of the variables ar6,(0,...), ki X2 Xs...), (dX;, dXp,.0%s,...). This quantity retains the
same value, so long as the quantiiesddx are contained in the same binary linear formsoolong as the
two shortest lines from the values 0 to the valkuesd from the values O to the valubsstay in the same
element of surface, and it depends therefore gmbyuhe place and the direction of that elemertinBi it is =
0 if the manifold represented is flat, that ishiétsquare of the line-element is reducibl&tdx)?, and it can
accordingly be regarded as the measure of thegéimee of the manifold from flatness in this pointlan this
direction of surface. Multiplied by -3/4 it becomegual to the quantity which Privy Councilor Galss
named the measure of curvature of a surface.

For determining the metric relations of m+iold extended manifold representable in the pibedr
form, in the foregoing discusg){(n-1)/2] functions of position were found needfulnbe when the measure of
curvature in every point imnj[(n-1)/2] surface-directions is given, from them candetermined the metric
relations of the manifold, provided no identicdbt®ns exist among these values, and indeed iergéthis
does not occur. The metric relations of these métsfthat have the line-element represented bystuare
root of a differential expression of the secondrdegan thus be expressed in a manner entirelpémdient of

the choice of the variable quantities. A quite ampath to this goal can be laid out also in cak¢he
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manifolds in which the line-element is given iread simple expressioa;g., as the fourth root of a differential
expression of the fourth degree. In that caseitizedlement, speaking generally, would no longereokicible
to the form of a square root of a sum of squarediftdrential expressions; and therefore in thereggion for
the square of the line-element the divergence fflatmess would be an indefinitely small quantity tbk
dimension two, while in the former manifolds it wiaslefinitely small of the dimension four. This pdiarity
of the latter manifolds may therefore well be difiatness in smallest parts. The most importantijierity of
these manifolds, for present purposes, on whoseuatsolely they have been investigated here, vgekier
this, that the relations of those doubly extendad be represented geometrically by surfaces, avsktbf
more dimensions can be referred to those of thiass contained in them; and this requires stitirief
elucidation.

In the conception of surfaces, along with therintemetric relations, in which only the length thie
paths lying in them comes into consideration, theralways mixed also their situation with respecpoints
lying outside them. One can abstract however fromeraal relations by carrying out such changeshim t
surfaces as leave unchanged the length of lindeeim;i. e., by thinking of them as bent in any arbitrary
fashion,—without stretching—and by regarding alffaces arising in this way one out of another as
equivalent. , For example, arbitrary cylindricalomnical surfaces are counted as equivalent tarsepbecause
they can be formed out of it by mere bending, whileerior metric relations remain unchanged; and al
theorems regarding them—the whole of planimetry-airetheir validity; on the other hand they count as
essentially distinct from the sphere, which carbetonverted into a plane without stretching. Adoay to the
above investigation in every point the interior ricetelations of a doubly extended manifold arerabterized
by the measure of curvature if the line-elementlmamxpressed by the square root of a differeatiptession
of the second degree, as is the case with surfAcestuitional significance can be given to thisagtity in the
case of surfaces, namely that it is the produt¢heftwo curvatures of the surface in this pointalso, that its
product into an indefinitely small triangle-areanfed of shortest lines is equal to half the exadsts angle-
sum above two right angles, when measured in radime first definition would presuppose the theotbat
the product of the two radii of curvature is noaobed by merely bending a surface; the secondhémem
that at one and the same point the excess of thle-aom of an indefinitely small triangle above tvight
angles is proportional to its area. To give a thlegmeaning to measure of curvature ofradimensional
manifold at a given point and in a surface diretfiassing through that point, it is necessaryada st from
the principle that a shortest line, originatingaimpoint, is fully determined when Its initial ditemn is given.
According to this, a determinate surface is obthiméen one prolongs into shortest lines all thdiahi
directions going out from a point and lying in thigen surface element; and this surface has imgithen point
a determinate measure of curvature, which is dleonieasure of curvature of thedimensional manifold in
the given point and the given direction of surface.

Now before applications to space some consideratwe needful regarding flat manifolds in general,
6



i. e, regarding those in which the square of the dilenent is representable by a sum of squares aff tot
differentials.

In a flatn-dimensional manifold the measure of curvature atyepoint is in every direction zero; but
by the preceding investigation it suffices for detiming the metric relations to know that at evenint, in
(M[(n-1)/2] surface directions whose measures of curgate independent of one another, that measure is
zero. Manifolds whose measure of curvature is evieeye zero may be regarded as a particular cafesé
manifolds whose curvature is everywhere constahe dommon character of those manifolds of constant
curvature can also be expressed thus: that theeigying in them can be moved without stretchifgy. it is
evident that the figures in them could not be pdsakeng and rotated at pleasure unless in evenyt ploé
measure of curvature were the same in all direstibipon the other hand, the metric relations ofntlamifold
are completely determined by the measure of cur@atibout any point, therefore, the metric relasiom all
directions are exactly the same as about any gihiat, and so the same constructions can be castiettom
it, and consequently in manifolds with constantvature every arbitrary position can be given tofigeres.
The metric relations of these manifolds depend aplgn the value of the measure of curvature, anwhit be
mentioned, with reference to analytical presenmatibat if one denotes this value dythe expression for the
line element can be given the form

1/(1+[(/4)Vzax)

Consideration of surfaces with constant measumiofature can help toward a geometric exposition.
It is easy to see that those surfaces whose cuevietpositive will always permit themselves tofitted upon a
sphere whose radius is unity divided by the squaot of the measure of curvature; but to visualize
complete manifold of these surfaces one should givene of them the form of a sphere and to thethes
form of surfaces of rotation which touch it alomg tequator. Such surfaces as have greater curthamehis
sphere will then touch the sphere from the innge sind take on a form like that exterior part ef srface of
a ring which is turned away from the axis (remata T the axis); they could be shaped upon zonepludres
having a smaller radius, but would reach more thace around. Surfaces with lesser positive meastre
curvature will be obtained by cutting out of sphatisurfaces of greater radius a portion boundedway
halves of great circles, and making its edges adtogrether. The surface with zero curvature wilshlply a
cylindrical surface standing upon the equator; shefaces with negative curvature will be tangenthis
cylinder externally and will be formed like the ampart of the surface of a ring, the part turnadard the
axis.

If one thinks of these surfaces as loci for fragteef surface movable in them, as space is forelsod
then the fragments are movable in all these swsfadthout stretching. Surfaces with positive cunvatcan
always be formed in such wise that those fragmeatsbe moved about without even bending, namely as
spherical surfaces, not so however those with hnggatirvature. Beside this independence of postioown
by fragments of surface, it is found in the surfadth zero curvature that direction is independgfrposition,
as is not true in the rest of the surfaces.



[11. Application to Space

Following these investigations concerning the motiéixing metric relations in am-fold extended
magnitude, the conditions can now be stated whietsafficient and necessary for determining metriations
in space, when it is assumed in advance that lnesndependent of position and that the lineametd is
representable by the square root of a differeeti@ression of the second degree; that is if flamesmallest
parts is assumed.

These conditions in the first place can be exetsbus: that the measure of the curvature in every
point is equal to zero in three directions of scefaand therefore the metric relations of the spaee
determined when the sum of the angles in a triaisgde@erywhere equal to two right angles.

In the second place if one assumes at the statElclid, an existence independent of situatioh n
only for lines but also for bodies, then it followst the measure of curvature is everywhere cohsiad then
the sum of the angles in all triangles is deterghiag soon as it is fixed for one triangle.

In the third place, finally, instead of assumimg tlength of lines to be independent of place and
direction, one might even assume their length amdciibn to be independent of place. Upon this
understanding the changes in place or differenneposition are complex quantities expressible iregh
independent units.

In the course of preceding discussions, in thet fitace relations of extension (or of domain) were
distinguished from those of measurement, and itfeaisd that different relations of measure werecedrable
along with identical relations of extension. Thear&sought systems of simple determinations of uredsy
means of which the metric relations of space amptetely determined and of which all theorems alsueh
relations are a necessary consequence. It remaingonexamine the question how, in what degreetanchat
extent these assumptions are guaranteed by experienthis connection there subsists an essatitialence
between mere relations of extension and those akmrement: in the former, where the possible clasesa
discrete manifold the declarations of experienoe iadeed never quite sure, but they are not lacking
exactness; while in the latter, where possiblesés®n a continuum, every determination based @eegence
remains always inexact, be the probability thaitsitnearly correct ever so great. This antithesicotres
important when these empirical determinations axereled beyond the limits of observation into the
immeasurably great and the immeasurably smalth®rsecond kind of relations obviously might becawer
more inexact, beyond the bounds of observationpbuso the first kind.

When constructions in space are extended intoiriveeasurably great, unlimitedness must be
distinguished from infiniteness; the one belongselations of extension, the other to those of measThat
space is an unlimited, triply extended manifoldais assumption applied in every conception of theraal
world; by it at every moment the domain of realgegtions is supplemented and the possible locatibas
object that is sought for are constructed, andhése applications the assumption is continuallpdpgerified.

The unlimitedness of space has therefore a greatéainty, empirically, than any experience of éxternal.
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From this, however, follows in no wise its infiniess, but on the contrary space would necessarifinke, if

one assumes that bodies are independent of situaic SO ascribes to space a constant measurevafure,
provided this measure of curvature had any positalae however small. If one were to prolong trenents
of direction, that lie in any element of surfaaetpi shortest lines (geodetics), one would obtaiu@imited
surface with constant positive measure of curvattwasequently a surface which would take on, tripdy

extended manifold, the form of a spherical surfacel would therefore be finite.

Questions concerning the immeasurably large, farethe explanation of Nature, useless questions.
Quite otherwise is it however with questions cont®y the immeasurably small. Knowledge of the chusa
connection of phenomena is based essentially uperpitecision with which we follow them down intceth
infinitely small. The progress of recent centurieknowledge of the mechanism of Nature has conutab
almost solely by the exactness of the synthesetered possible by the invention of Analysis of ihiénite
and by the simple fundamental concepts devised Ighifedes, Galileo, and Newton, and effectively
employed by modern Physics. In the natural sciehosgever, where simple fundamental concepts alle sti
lacking for such syntheses, one pursues phenomsnathe spatially small, in order to perceive cusa
connections, just as far as the microscope perQiggstions concerning spatial relations of measuithe
indefinitely small are therefore not useless.

If one premise that bodies exist independentlgasition, then the measure of curvature is everyavhe
constant; then from astronomical measurementsllibwe that it cannot differ from zero; at any rdte
reciprocal value would have to be a surface in amspn with which the region accessible to ourdebpes
would vanish. If however bodies have no such nqmeddence upon position, then one cannot conclude to
relations of measure in the indefinitely small fréhose in the large. In that case the curvaturehzare at
every point arbitrary values in three directionspvided only the total curvature of every metriatfm of
space be not appreciably different from zero. Egeyater complications may arise in case the lieeneht is
not representable, as has been premised, by tlaeesquot of a differential expression of the secdedree.
Now however the empirical notions on which spatialasurements are based appear to lose their yalidén
applied to the indefinitely small, namely the capicef a fixed body and that of a light-ray; accogly it is
entirely conceivable that in the indefinitely sméte spatial relations of size are not in accorthvihe
postulates of geometry, and one would indeed hmeébto this assumption as soon as it would persiitngler
explanation of the phenomena.

The question of the validity of the postulatesgebmetry in the indefinitely small is involved inet
question concerning the ultimate basis of relatimisize in space. In connection with this questihich may
well be assigned to the philosophy of space, ttevalemark is applicable, namely that while in scdite
manifold the principle of metric relations is inmiti in the notion of this manifold, it must comeorin
somewhere else in the case of a continuous mankitder then the actual things forming the grouadwof a
space must constitute a discrete manifold, or thsebasis of metric relations must be sought fdside that
actuality, in colligating forces that operate upion

A decision upon these questions can be foundlmnktarting from the structure of phenomena that ha
been approved in experience hitherto, for which téewaid the foundation, and by modifying this sture
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gradually under the compulsion of facts which itmat explain. Such investigations as start oute likis
present one, from general notions, can promote trdypurpose that this task shall not be hindesetbb
restricted conceptions, and that progress in pangethe connection of things shall not be obseddby the
prejudices of tradition.

This path leads out into the domain of anothernseinto the realm of physics, into which the ratof this
present occasion forbids us to penetrate.
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